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Overview
¥ Motivation

¥ Technique
Ð Rationale

Ð Conßict graphs

Ð Coloring

Ð Coloring Heuristic

¥ Beyond Basic Blocks
Ð Function/Method level analysis

Ð Data Flow Analysis
¥ Liveness analysis
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Register Allocation
¥ Observation

Ð Naive register allocation works... 

¥ But
Ð Analysis is intra-block only!
Ð No global ÒpictureÓ
Ð No integration of looping behavior

¥ Need
Ð A better global technique that

¥ Accounts for loops
¥ Accounts for instruction selection cost

¥ Solution
Ð Graph coloring based allocation
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The Register Interference Graph

t0 = M0;t0 = M0;
t1 = 10;t1 = 10;
t2 = t0 * t1;t2 = t0 * t1;
t3 = M1;t3 = M1;
t4 = t2 + t3;t4 = t2 + t3;
M0 = t4;M0 = t4;

t0t0

t1t1

t2t2

t3t3

t4t4

t0t0

t1t1

t2t2

t3t3

t4t4

a variable starts
to be live
immediately after
its definition
and terminates
immediately after
its last use.
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The Register Interference Graph
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R0R0 = M0; = M0; LDLD R0, M0R0, M0
R1R1 = 10; = 10; STST R1, 10R1, 10
R0R0 =  = R0R0 *  * R1R1;; MULMUL R0, R1R0, R1
R1R1 = M1; = M1; LDLD R1, M1R1, M1
R0R0 =  = R0R0 +  + R1R1;; ADDADD R0, R1R0, R1
M0 = M0 = R0R0;; MOVMOV M0, R0M0, R0

t0t0

t1t1

t2t2

t3t3

t4t4
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Second Example
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bb  ==  1;1;   c=2c=2 ;;   
a = b + ca = b + c
d = a - bd = a - b
g = 10 * dg = 10 * d   
e = d + ge = d + g
b = g * eb = g * e   

bb cc

aa

dd

gg

a variable starts
to be live
immediately after
its definition
and terminates
immediately after
its last use.ee

bb

aa

dd

cc

ee

gg
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Technique
¥ First

Ð Consider a basic block
¥ Names are being used in two ways

Ð Read (Use)

Ð Write (deÞne)

¥ We already know the use/deÞne information
Ð For each name

Ð For each temporary

¥ Example
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10
 a := b + c

 [a:use(T,12),b:use(T,12),c:use(F,-1)]
11
 c := c + 1

 [c:use(T,13),c:use(T,13)]
12
 d := a * b

 [d:use(T,14),a:use(F,-1),b:use(F,-1)]
13
 param c

 
 [c:use(F,-1)]
14
 param d

 
 [d:use(F,-1)]
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10
 a := b + c

 [a:use(T,12),b:use(T,12),c:use(F,-1)]
11
 c := c + 1

 [c:use(T,13),c:use(T,13)]
12
 d := a * b

 [d:use(T,14),a:use(F,-1),b:use(F,-1)]
13
 param c

 
 [c:use(F,-1)]
14
 param d

 
 [d:use(F,-1)]

Conßict
¥ Scan the Basic Block

Ð For each definition of a name
¥ Any other name that is live at the time is conßicting
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c is defined here Who is live at instruction 11 ?

a

b
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Conßict Graph
¥ Based on conßicts among names

Ð One vertex for each name

Ð One edge between vertices a and b
¥ If and only if a conßicts with  b
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a

c

b

Because of write to c in instruction 11 we have:

What about the 
writes to a and d ?

10
 a := b + c

 [a:use(T,12),b:use(T,12),c:use(F,-1)]
11
 c := c + 1

 [c:use(T,13),c:use(T,13)]
12
 d := a * b

 [d:use(T,14),a:use(F,-1),b:use(F,-1)]
13
 param c

 
 [c:use(F,-1)]
14
 param d

 
 [d:use(F,-1)]
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Complete Conßict Graph
¥ For this simple block

¥ What have we achieved ?
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10
 a := b + c

 [a:use(T,12),b:use(T,12),c:use(F,-1)]
11
 c := c + 1

 [c:use(T,13),c:use(T,13)]
12
 d := a * b

 [d:use(T,14),a:use(F,-1),b:use(F,-1)]
13
 param c

 
 [c:use(F,-1)]
14
 param d

 
 [d:use(F,-1)]

a

c

b

d
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Observation
¥ Names that are conßicting

Ð Must coexist in ÒfastÓ memory

¥ Corollary
Ð Conßicting names cannot  be assigned to same register!

¥ So...
Ð Find a way to break the conßict graph in k partitions

Ð Purpose
¥ Two vertices share a partition if they do not conßict

¥ Two vertices in the same partition can be hosted in same register

¥ Quizz
Ð What is the meaning of this constant k ?
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Partitions
¥ Number of partitions is....

Ð The number of registers we have!

¥ Two vertices in a partition iff 
Ð no conßict edge between them

¥ Question
Ð How can we Þnd the partitions?
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a

c

b

d
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Graph Coloring
¥ A Graph G(V,E) is k-colorable 

Ð If its vertices can be colored with one of k colors such that
¥ No two adjacent vertices are assigned the same color

¥ Example
Ð A 3-colorable graph...

Ð And its coloring!

¥ Notice
Ð No edges between 

same colored vertices
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a

c

b

d
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Connection
¥ If a Conßict Graph is k-colorable....

Ð Then a k-coloring yields a k-partition
¥ All blue vertices to register 1

¥ All green vertices to register 2

¥ ...

¥ Bottom line
Ð Find a k-coloring and we have solved the register allocation!

Ð Minimize the number of colors and we minimize the number 
of registers?

¥ Key questions
Ð How hard is k-coloring ?

Ð How hard is min-coloring ?
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Sad News....
¥ Bad News #1

Ð Graph coloring is NP-complete
¥ Ouch!

Ð Well....
¥ Yes, but...

Ð The instance will be small

Ð k-coloring is good enough, so a heuristic may do the trick

¥ Bad News #2
Ð What if.... The conßict graph is not k-colorable ?

15
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Graphs that cannot be k-colored
¥ Meaning

Ð It is not possible to Þnd k colors without conßict

Ð A conßict means
¥ Two values cannot share the same register

¥ Is it impossible to compile ?

16
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Solution
¥ It is impossible to host all values in registers!

¥ But
Ð We can host a subset of them in slower storage

¥ i.e.: The Stack (temp zone)

¥ Solution
Ð Spilling!

¥ Identify names involved in unsolvable conßicts

¥ Select one of the name and move it to temporary storage

¥ Simplify graph accordingly and try to k-color it!
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Coloring Heuristic
¥ Algorithm
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findColoring(G(V,E) : Graph,k : int) {

 while (|V| > 1) {

 
 let Good = {i in V : deg(i) < k}; 

 
 if (|Good| >= 1) 

 
 
 select(i in Good) {

 
 
 
 V = V \ {i};

 
 
 
 S.push(i);

 
 
 }

 
 else G = spill(G);

 }

 while (!S.empty()) {

 
 x = S.pop()

 
 select(c in 1..n : c notin colors(neighbors(x))

 
    color[x] = c;

 }
}

Spill a name and simplify graph
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Example
¥ Consider a conßict graph!! k=4

19

a

b

c

d

e

f

Stack
 = {} 
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Example
¥ Consider a conßict graph!! k=4
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Stack
 = {b} 

a c

d

e

f
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Example
¥ Consider a conßict graph!! k=4
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Stack
 = {b,e} 

a c

d f
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Example
¥ Consider a conßict graph!! k=4
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Stack
 = {b,e,a} 

c

d f
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Example
¥ Consider a conßict graph!! k=4
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Stack
 = {b,e,a,c} 

d f
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Example
¥ Consider a conßict graph!! k=4
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Stack
 = {b,e,a,c,d} 

f
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Example
¥ Consider a conßict graph!! k=4
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Stack
 = {b,e,a,c,d} 

f



  

CSE244 Compilers

d f

Example
¥ Consider a conßict graph!! k=4
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Stack
 = {b,e,a,c} 
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c

d f

Example
¥ Consider a conßict graph!! k=4
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Stack
 = {b,e,a} 
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a c

d f

Example
¥ Consider a conßict graph!! k=4
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Stack
 = {b,e} 
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a c

d

e

f

Example
¥ Consider a conßict graph!! k=4
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Stack
 = {b} 

Color for e ?
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a c

d

e

f

Example
¥ Consider a conßict graph!! k=4
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Stack
 = {b} 

Pick a Color different from neighboring choices
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a

b

c

d

e

f

Example
¥ Consider a conßict graph!! k=4
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Stack
 = {} 
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Overview
¥ Motivation

¥ Technique
Ð Rationale

Ð Conßict graphs

Ð Coloring

Ð Coloring Heuristic

¥ Beyond Basic Blocks
Ð Function/Method level analysis

Ð Data Flow Analysis
¥ Liveness analysis
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¥ Coloring Heuristic may fail.

¥ Spilling.

¥ allocate memory location for ÒaÓ

¥ before each operation that involves ÒaÓ load ÒaÓ from 
memory location and store back. => we have to rewrite 
code and recalculate liveness constraints.
¥ What variable is preferable to spill?

¥ heuristics.

33
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Observation
¥ Technique works inside basic blocks
¥ But...

Ð What about loops ?
Ð What about branches ?

¥ Technique should work across entire CFG!
¥ What we did so far

Ð Assumed 
¥ names were live on exit

¥ temporaries were dead on exit
¥ No information ßow through register across blocks

¥ What we are missing
Ð Liveness and usage information across block boundaries
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A CFG Example
¥ Consider a Control Flow Graph

Ð In Blue
¥ Live names on exit

Ð In Red
¥ Live names on entry

¥ Armed with this information
Ð Apply Register Allocation

algorithm over entire CFG

¥ BeneÞt ?
¥ Question

Ð How to obtain the blue/red 
bits of liveness data ?

35

entry

a = b + c
d = d - b
e = a + f

f = a - d
b = d + f
e = a - c

b = d + c

exit
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Data Flow Analysis
¥ Data Flow Analysis =

Ð A method to compute information ßowing through CFG

Ð Usage
¥ Many different analysis based on this idea

¥ Our concern
Ð Liveness analysis

¥ A DF analysis to Þgure out the names that are live on entry/exit 

36
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Liveness Analysis
¥ Notation

Ð in[B] ! the set of live names on entry

Ð out[B]! the set of live names on exit

Ð def[B]! the set of names deÞned before being used (in B)

Ð use[B]! the set of names used in B before being deÞned

Ð use[B] subset of in[B]

Ð def[.] and use[.] are
determined intrablock

37

in[B]

out[B]

def[B] use[B] Basic Block: B
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Liveness Analysis [Idea]
¥ Observation

Ð def[B] and use[B] only depend on the internals of B

Ð All four sets (in/out/def/use) are related through equations

¥ Idea
Ð For each block 

¥ Formalize the equation

¥ State the data ßow equations for in/out/def/use

¥ Solve the system of data ßow equation bottom-up style (Þxpoint)
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def[B]
¥ Idea
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...
x := a + b

...

x is not used here

Therefore x should be dead on entry

x  deÞned here
...

x := a + b
...

y := z * x

Therefore x should not be dead on entry

x  deÞned here

x  used here

x ! def [B ] x /∈ def [B ]
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use[B]
¥ Idea
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...
x := a + b

...

y := z * x

Therefore x should be dead on entry

x  deÞned here

x  used here

...

x := a + b

...

y := z * x

Therefore x should be not be dead on entry

x  defined here

x  used here

x /! use[B] x ∈ use[B]
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Data ßow Equations
¥ Output Equation

¥ Input Equation

¥ Exit condition
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out[B] =
!

S! succ(B)

in[S]

in[B] = use[B] ∪ (out[B] \ def [B])

in [Exit ] = !
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Solving the Liveness DF Equations
¥ Algorithm

Ð Initialization
¥ Start with an approximation of in/out. Use empty sets!

¥ Create a block queue

¥ Fill block queue with all the CFG basic blocks

Ð Iterate until queue is empty
¥ Select a block from queue

¥ Compute the new in/out pairs

¥ If an in (or out) has changed
Ð Add affected blocks in queue

¥ Issue
Ð How to select the blocks from the queue
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Block Selection
¥ Simple answer

Ð It does not really matter!

Ð Order will only affect computation time, not correctness

¥ Bottom line
Ð Use a heuristic

Ð Process blocks in backward order through CFG
¥ Why ?

Ð Òliveness travels backward?Ó

43



  

CSE244 Compilers

Live Variable Analysis
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in[Exit] = 0;
for (each basic block B other than Exit) in[B] = 0;
while (changes to any in[.] occur)

for each basic block B other than Exit) {
out[B] = Union in[S] for all successors S of B;
in[B] = use[B] union (out[B] - def[B]); 
}
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example

45

out[B] =
!

S! succ(B)

in[S]

in[B] = use[B] ∪ (out[B] \ def [B])
entry

a = b + c
d = d - b
e = a + f

f = a - d

b = d + c

exit

b = d + f
e = a - c
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Step 1: consider block B4. 
out[B4] = union of in[Exit], in[B1] = empty
def[B4] = b 
use[B4] = d,c 
in[B4] = use[B4]  + (out[B4] - def[B4]) = c, d

Step 2: consider block B3
out[B3] = union of in[Exit], in[B4] = c, d
def[B3] = {b, e}
use[B3] = {d, f, a, c} 
in[B3] = use[B3] + out[B3] - def[B3] = d, f, a,c  + d, c - b,e = a, c, d, f

Step 3: consider block B2
out[B2] = in[B4] = c, d
def[B2] = f
use[B2] = a, d
in[B2] = use[B2] + out[B2] - def[B2] = a, d + d, c - f = a, c, d

Step 4: consider block B1
out[B1] = in[B2] + in[B3] = a, d, c + d, f, a, c = a, c, d, f
def[B1] = a, e
use[B1] = b, c, d
in[B1] = use[B1] + out[B1] - def[B1] = b, c, d + a, c, d, f - a, e = b, c, d, f

Step 5 : consider block B4
out[B4] = b, c, d, f
in[B4] = d, c + b, c, d, f - b = c, d, f

Step 6: consider block B3
out[B3] = c, d, f
in[B3] = use[B3] + out[B3] - def[B3] = d, f, a, c + d, c, f - b, e = a, c, d, f

Step 7: consider block B2
out[B2] = c, d, f
in[B2] = use[B2] + out[B2] - def[B2] =f + c, d, f - f = c, d

Step 8 : consider block B1
out[B1] = c, d + a, c, d, f = a, c, d, f
in[B1] = use[B1] + out[B1] - def[B1] = b, c, d + a, c, d, f - a, e = b, c, d, f
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ItÕs a Wrap
¥ Once Liveness computation is over

Ð We know what is live
¥ On entry of each block

¥ On exit of each block

¥ Corollary
Ð Use this information to do coloring-based register allocation 

over entire function (whole CFG)

Ð Temporaries no longer have to be loaded/stored on block 
boundaries
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